Abstract. In this paper, we propose and study different mixed variational methods in order to approximate with finite elements the unilateral problems arising in contact mechanics. The discretized unilateral conditions at the candidate contact interface are expressed by using either continuous piecewise linear or piecewise constant Lagrange multipliers in the saddle-point formulation. A priori error estimates are established and several numerical studies corresponding to the different choices of the discretized unilateral conditions are achieved.
Introduction
Mixed finite element studies for approximating Signorini problems (see [6] ) and the corresponding vector-valued unilateral contact problems have been used by several authors (see [11, 14] ). In the finite element approximation of the unilateral contact problem between elastic bodies, the discretized noninterpenetration conditions constitute the key point of the approximation model. In the mixed methods, the latter unilateral conditions (of the displacements) can be expressed by using either a piecewise constant or continuous piecewise linear Lagrange multipliers in the saddle-point formulation. Concerning the piecewise constant Lagrange multiplier approach, several error estimates have been derived in [11] and more recently in [17] .
Our first purpose is to carry out the convergence analysis and the a priori error estimates corresponding to the second approach (continuous and piecewise linear multipliers). Our second purpose is to implement numerically both approaches and to compare them to several significant examples.
The paper is organized as follows. First, we introduce the equations modelling the frictionless unilateral contact problem between elastic bodies. Then we establish the continuous mixed variational formulation of the problem in section 2.
In the third section, we propose different well-posed finite element approaches in order to approximate the mixed problem. The following section is devoted to the a priori error estimations committed by the mixed finite element approximations. In particular, we show an optimal error estimate of order h for finite elements of degree one.
Finally the algebraic formulations of the problem are given and the corresponding numerical experiments are achieved in the fifth section.
We consider two bodies which occupy, in the initial stage without stress, two bounded domains Ω 1 and Ω 2 of the two-dimensional space. For = 1, 2, the boundary ∂Ω of Ω is assumed to be "smooth" and is the union of three nonoverlapping portions Γ u , Γ g and Γ c . Both domains Ω 1 and Ω 2 have a common contact part denoted Γ c = Γ 1 c = Γ 2 c . The normal unit outward vector on ∂Ω is denoted n = (n 1 , n 2 ). Both bodies are subjected to volume forces f = (f 1 , f 2 ) and surface forces g = (g 1 , g 2 ) are applied to the boundary part Γ g .
The frictionless unilateral contact problem consists of finding the displacement fields u = (u 1 , u 2 ) (where the notation u stands for u| Ω ) with u = (u 1 , u 2 ), 1 ≤ ≤ 2, which satisfy the equations and conditions (1.1)-(1.10) for = 1, 2:
in Ω ; (1.1) this is the equilibrium equation where the summation convention of repeated indices is adopted and where σ = (σ ij ), 1 ≤ i, j ≤ 2, denotes the stress tensor field linked to the displacements by the constitutive relation σ ij = a ijkh ε kh (u ) inΩ , (1.2) with a ijkh = a jikh = a khij , ε ij = 1 2
The notation ε represents the linearized strain tensor field. The equations on the boundary parts restricted to Dirichlet and Neumann conditions are:
The conditions on the boundary part Γ c constrained by frictionless unilateral contact conditions incorporate the Signorini conditions:
The notation u
i represents the jump of the normal relative displacement across the contact zone Γ c : either contact (i.e., u
In other words (1.6) is the nonpenetration condition. The terms σ ij n j n i , = 1, 2, are the normal components of σ ij n j (also called normal constraints) which are equal according to the action and the reaction principle and nonpositive. Finally (1.8)-(1.9) are the complementarity conditions.
The conditions expressing the absence of friction are as follows: 16 . We suppose that α exists verifying a ij,kh τ ij τ kh ≥ α τ ij τ ij for all
Moreover we assume that the surface measure of Γ u does not vanish.
Notice that the latter hypothesis could be avoided in the forthcoming study, if for example the loads are well-oriented (see [11] ). The mixed formulation of the unilateral contact problem without friction consists then of finding u ∈ V and λ ∈ M so that
(2.1)
The existence and uniqueness statement for this saddle-point problem has been established in [11] , chapter III, Theorem 9.4. We recall this result in the following proposition.
Moreover u is the solution of the variational inequality (see [9, 14, 15] )
and also of the minimization problem
where
and
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Finite element approximation
The present section is devoted to the finite element approximation of the saddlepoint problem (2.1). The key point lies in the finite element translation of the closed convex cone of Lagrange multipliers M . As a matter of fact, this type of approximation must lead not only to a well-posed discrete problem but also to good convergence rates of the discretized saddle-point problem towards the solution of (2.1).
Notice that we must distinguish the two independent problems arising in the building of the approximation model:
• the choice of the finite element space (approximating H − 1 2 (Γ c )) for the Lagrange multipliers, • the choice of the approximated nonnegativity condition.
The first point is of more general concern whereas the second one is specific to inequality problems. Notice that both above-mentioned points also arise in a standard scalar valued Signorini problem. That means that these choices can be considered to be independent of matching or nonmatching meshes on the contact interface.
We suppose, for the sake of simplicity, that each subdomain Ω , = 1, 2, is a polygon and that Γ c is a straight line segment [c 1 , c 2 ] parallel to the x 2 -axis. With each subdomain Ω , we then associate a regular family of discretizations T h made of triangular elements denoted κ so that
The discretization parameter h on Ω is given by
where h κ denotes the diameter of the triangle κ. Let h = max(h 1 , h 2 ). Denoting by ρ κ the diameter of the inscribed circle in κ, we assume that there exists a constant c independent of the discretization parameter h and satisfying
We suppose that the end points c 1 and c 2 of the contact zone Γ c are common nodes of the triangulations T 
and the approximation space of V becomes
The set of nodes on Γ c belonging to triangulation T h are denoted
such that the second component of x i is increasing with i. In order to express the contact constraints by using conveniently chosen Lagrange multipliers on the contact zone, we have to introduce first the two spaces describing the degree of the polynomial approximation:
The next step consists of choosing one of the previous spaces and then trying to approximate the nonnegativity condition incorporated in the definition of M . We first consider the space W 0, h (Γ c ) which leads to the following natural definition:
The choice of the space W 1, h (Γ c ) allows us to define successively the two following approximation convex cones:
The discretized mixed formulations of the unilateral contact problem without friction consist then of finding u h ∈ V h and λ h ∈ M h satisfying
where h (in the case of a body in contact with a rigid foundation) have been made in [11] and some recent improvements and extensions can be found in [17] . Now we shall focus on the other cases:
The V h -ellipticity of the bilinear symmetrical form a(., .) follows from standard results (see for example [4] ). Therefore, the first argument u h solution to the problem (3.4) is unique. In order to prove the existence and the uniqueness of the saddle-point of (3.4), it is only necessary to verify that
which is obvious. As a consequence, we obtain the following statement:
In the forthcoming convergence analysis, we will need more information about the compatibility between the spaces W 1, h (Γ c ) and V h so that we will have to consider the corresponding inf-sup condition. This condition is given by the following ON MIXED METHODS FOR UNILATERAL PROBLEMS 7 proposition in which we suppose that the neighboring boundary parts of the contact zone are restricted to Neumann type conditions (1.5). Note that the latter assumption is not restrictive and becomes quite natural in engineering applications. 
where β is independent of h.
Proof. We introduce the projection operator
where i h denotes the Lagrange interpolation operator ranging in W 1,
Let us denote, byh , the largest length of the 1D-meshes of Ω on Γ c . The uniform regularity of these 1D-meshes on Γ c allows the use of the inverse inequality that leads to
Moreover it can be easily shown that the operator i h is stable in the H 1 (Γ c )-norm. Consequently the operator π h is stable in the H 1 (Γ c )-norm. So we conclude that a positive constant C independent of h exists so that
by using an Hilbertian interpolation argument of index 1/2 between L 2 (Γ c ) and
Next, we show that inequality (3.5) is a consequence of (3.7).
.
The definition of π h in (3.6) leads to
We then consider an extension operator R h from W 1,
. we obtain
So by setting
. Taking into account that ψ
= 1, we finally come to the conclusion that there is a positive constant C independent of h (and of µ h ) such that
Then the inf-sup condition (3.5) is proved to be true.
Error analysis
This section consists of obtaining a priori error estimates corresponding to the mixed finite element approximations. The starting point is the following lemma.
Lemma 4.1. Let (u, λ) be the solution of (2.1) and let (u h , λ h ) be the solution of (3.4) . Then for any v h ∈ V h and µ h ∈ M h we obtain
Proof. Let v h be an element of V h . It follows that
Using the first equations of problems (2.1) and (3.4), this gives
Noticing that b(λ h , u h ) = 0, we deduce that
For any µ h ∈ M h , we obtain
The inequality of (3.
This ends the proof of the lemma.
We now attempt to derive an upper bound of the terms involved in the previous lemma. 
, where the positive constant C(u) depends linearly on u
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Proof. Using Lemma 4.1, we will show that v h ∈ V h and µ h ∈ M h exist, satisfying
Before proving the above estimates, let us recall some approximation properties.
Let I h and i h be the Lagrange interpolation operators with values respectively in V h (Ω ) and W 1,
Concerning the projection operator π h defined in (3.6), the following estimation holds (see [4] ):
Suppose henceforth that the elasticity coefficients are regular enough (e.g. a ijkh ∈ C 1 (Ω )) so that the trace theorem implies
The first term is evaluated by using the continuity of a(., .) and the property (4.1) which gives
(ii) This term is handled as follows with property (4.2):
(iii) Here again, we use estimate (4.1):
To evaluate this term, we invoke the definition of the L 2 -projection operator: 
Noticing that i h (u
and using the definition of M 1, , * h allow us to write
Assembling the estimates (i)-(v) in Lemma 4.1, and using the V-ellipticity of the bilinear form a(., .), we finally arrive at the estimate
h 2 with γ > 0 leads to the estimate announced in the lemma when γ is chosen small enough.
h , we are not able to prove the same convergence rate as in Lemma 4.2. Nevertheless, one can easily obtain the following error bound when supposing the existence of a (small) positive ε such that λ ∈ H 1 2 +ε (Γ c ):
It suffices to choose v h
Then terms (i),(iii) are estimated as in Lemma 4.2 and the nonpositive term (v) disappears. The terms (ii) and (iv) are added so that
where the boundedness of u h resulting from the equation in (3.4) has been used.
2. The estimate obtained in (v) is suboptimal in the finite element sense. This is due to the fact that the Lagrange interpolation operator does not satisfy optimal approximation properties in the H Let (u, λ) be the solution of (2.1). Suppose that
h and = 1 or 2. Then we obtain the following estimate:
Proof. Let us consider both equations incorporated in (2.1) and (3.4) . Noting that
Subtracting the equalities yields
Therefore the inf-sup condition (3.5) leads to
(4.4)
A triangular inequality
together with estimates (4.4) and (4.2) ends the proof of the lemma.
We finally obtain the global result giving an upper bound of the error corresponding to our mixed finite element approximation. can be obtained (see [17] ). 3. When using a primal approach (variational inequality) and mortar finite elements (see [4] ), a convergence rate of h 3 
Theorem 4.5. Let (u, λ) be the solution of (2.1). Suppose that u
1 ∈ (H 2 (Ω 1 )) 2 and u 2 ∈ (H 2 (Ω 2 )) 2 . Let (u h , λ h ) be the solution of (3.4) with M h = M 1,u − u h + λ − λ h H − 1 2 (Γc) ≤ C(u)h
P. COOREVITS, P. HILD, K. LHALOUANI, AND T. SASSI
Next, we consider some other slightly stronger regularity assumptions originally introduced by Brezzi, Hager and Raviart in [5] for the Signorini problem which lead us to an optimal order of convergence. Theorem 4.7. Let (u, λ) be the solution of (2.1). Suppose that 
Proof. Let us revisit the only suboptimal convergence rate of Lemma 4.2 (i.e., part (v) coming from the term b(λ h , u)) and let us prove that the current hypotheses lead to the new estimate
The complementarity condition given in (1.8)-(1.9) which can be also written λ(u 1 .n 1 + u 2 .n 2 ) = 0 on Γ c leads to
Invoking the finite set of N (1D)-meshes of the triangulation of Ω on Γ c in which the change from u 1 .n 1 + u 2 .n 2 < 0 to u 1 .n 1 + u 2 .n 2 = 0 occurs enables us to write the integral term as a finite (independent of the discretization parameter) sum of integrals on the above-mentioned (1D)-meshes denoted T i : 
If u
, and if the set of points of Γ c in which the change from u 1 .n 1 + u 2 .n 2 < 0 to u 1 .n 1 + u 2 .n 2 = 0 occurs is finite, then
This convergence can be established by using a recent estimate obtained in [2] which bounds below the integral term of (4.6) by (C(u)) 2 h 2 | log(h)| under the assumptions which are intermediate between those of Theorem 4.5 and those of Theorem 4.7.
2. If u 1 and u 2 are less regular than H 2 , then the convergence rates proved for the primal approach (variational inequality) (see [2, 3] ) can be extended to the present mixed analysis.
Numerical studies
Algebraic saddle point formulation.
In this part we are interested in the matrix formulation of problem (3.4) .
, , * h with = 1 or 2. We begin by noticing that (u h , λ h ) ∈ V h × M h is the solution of (3.4) if and only if (u h , λ h ) is a saddle-point of the Lagrangian defined on
In other words, we have to find 
The notation K denotes the stiffness matrix associated with Ω and F is the load vector corresponding to the external loads of Ω .
Let m denote the number of nodes of Ω on Γ c and let us define 
h , then S obviously becomes an identity matrix,
, then S is the mass matrix associated with the mesh of Ω on
Finally, C 1 and C 2 are the "coupling" matrices between the multipliers and the displacements. We describe hereafter these matrices in the different cases (3.1), (3.2) and (3.3):
, then C is the mass matrix associated with the mesh of Ω on Γ c and C
, Λ of (5.2) satisfies the relation
, the saddlepoint problem (5.2) can be rewritten as a minimization problem of a quadratic functional with linear inequality constraints:
If Φ is the solution to the minimization problem (5.4), then Λ = S −1 Φ. The displacements U 1 and U 2 are then obtained by (5.3). To solve the minimization problem (5.4), the iterative Frank and Wolfe algorithm (see [10, 7] ) is used in the finite element code CASTEM 2000.
Examples.
In this section, we study numerically the performances of the above-mentioned methods corresponding to
, , * h with = 1 or 2. As a constitutive law, we choose a common case of the law of linear elasticity (1.2) which is Hooke's law concerning homogeneous isotropic materials:
where E denotes Young's modulus, ν represents Poisson's ratio and δ ij is the Kronecker symbol. The implementation is achieved using CASTEM 2000 developed at the CEA, and an HP-C160 computer has been used. 5.2.1. Example of a tapered joint. First we consider the two-dimensional plane strain problem involving the structure depicted in Figure 1 1mm and Ω 2 is submitted to loads of 5daN/mm 2 on its side of length 3mm (see Figure 1) . No body forces are applied. Finally, the computations are performed on one half of the structure as shown by the axis of symmetry ∆.
To judge the performances of the various methods, we compute the relative errors
Since the exact solution (u, λ) is not available, we use a reference solution obtained with a very fine mesh (as fine as the computation allows).
We begin with the study in which the meshes match on the contact zone (i.e., the nodes coming from the discretizations of Ω 1 and Ω 2 coincide on [c 1 , c 2 ]). In this case the reference mesh comprises 45056 triangular elements, 23010 nodes and 64 elements on the contact zone. Then we compute the various errors as a function of the number of elements in contact (by using a family of nested meshes) for the different methods. The results are reported in Tables 1-3 and Figures 2-4 . We then consider the case of nonmatching meshes on the contact zone. In such a case the reference mesh comprises 21248 triangular elements, 10938 nodes, 32 meshes of Ω 1 and 48 of Ω 2 on the contact zone. The errors are given in Tables 4-6 . We notice that the same error and convergence rates of u − u h occur for the three methods (a rate of around 0.7) in the matching case in Table 1 . In the case of nonmatching meshes, the third method is less satisfactory than the other two (see Table 4 ). The convergence rates of u − u h (L 2 (Ω 1 ∪Ω 2 )) 2 (see also the appendix for some theoretical studies) in Tables 2,5 are similar for the three methods (a convergence rate of around 1.3). Note that the error remains lower for the third approach than for the other two in the nonmatching case (Table  5) . Finally, the convergence rates of λ − λ h L 2 (Γc) (see also the appendix for some further explanation) are reported in Tables 3,6 multipliers approach seems to give the best results: the rate is around 0.35 instead of 0.2 for the two other methods. Next, we replace the symmetry conditions of the problem depicted in Figure 1 by embedding conditions as suggested in Figure 5 . Consequently the bilinear form a(., .) is V-elliptic which corresponds with the assumptions of the theoretical part whereas it was only K-elliptic in the former case (see Remark 2.2 for the definition of K and [11] , Theorem 6.3 for conditions leading to K-ellipticity). The same convergence studies (using the same meshes) as in the previous case are performed and the corresponding results are reported in Tables 7-12. Let us remark that both approaches handling with continuous piecewise linear multipliers lead to the same results in the case of matching meshes in Tables 7-9 and a difference of only 10 −8 % can be perceived. The convergence rates are globally a little bit greater than the previous ones. Note that the error corresponding to the multipliers in Tables 9 and 12 has been divided by three or four in comparison with the previous computations. This surprising result can be explained by noticing that both problems are quite different from a mechanical point of view. Figure 6 ) and no body forces are assumed. Due to both symmetry axes ∆ and ∆ , we consider only a quarter of the problem. To avoid singularities arising from adjacent Dirichlet and Neumann conditions, we have removed the embedding conditions. Moreover the loads have been oriented in order to obtain a separation of the bodies. Such a configuration corresponds to a K-elliptic case (see [11] , Theorem 6.3); it nevertheless allows the comparison between the three methods.
As in the first example, we compute the different errors as a function of the number of elements in contact for the different methods. The case of matching meshes involves a reference mesh comprising 24576 triangular elements, 12610 nodes and 64 elements on the contact zone: the results are shown in Tables 13-15 and Figures 7-9 . In the nonmatching case, the reference mesh comprises 11264 triangular elements, 5874 nodes, 64 meshes of Ω 1 and 96 of Ω 2 on the contact zone. The approximation errors are shown in Tables 16-18 .
Following this test, we observe that the three methods yield globally similar results. The only small significant difference is that the multiplier converges faster for the first approach when nonmatching meshes are used (in Table 18 ). It can be noted that this example is more regular than the first one because separation occurs on the contact zone [c 1 , c 2 ] and the multiplier remains bounded. The convergence rates obtained (around 0.85-0.9 for the H1-norm, 1.45 for the L2-norm on the displacements and always more than 0.5 for the multipliers) are then greater than for the tapered joint.
